A simple superposition model was used to define the relationship between molecular weight distribution and shear viscosity for linear polymeric systems. Gel permeation chromatography data for molecular weight distributions were fitted using statistical distribution functions. A simple superposition model was then employed to calculate the shear viscosity for the systems investigated. The effect of polydispersity on the shape of the flow curves was calculated. The simplicity of the model makes feasible its use in numerical simulations of complex geometries as encountered in polymer processing equipment. The present study also sheds some light on the relationship between entanglement and disentanglement phenomena in polymeric systems.
I. INTRODUCTION
The rheological behavior of polymeric systems is profoundly influenced by their molecular weight and molecular weight distribution ͑MWD͒. The relationship between viscosity and shear rate is sensitive to the polymer polydispersity, especially in the high molecular weight region. In recent years there has been considerable interest in relating polymer melt rheology to the polymer architecture and a substantial amount of work concerning the effect of molecular parameters on polymer viscoelasticity behavior has been published. For linear polymers, the relationship between viscosity and shear rate shows two distinct regions. At low shear rates the viscosity is a constant, 0 , but when the shear rate increases above a certain critical value the viscosity begins to decrease and continues to decrease with increasing shear rate. At still higher shear rates, a lower limiting viscosity appears mostly for dilute systems. In concentrated systems including melts this region is seldom observable.
In the past, a number of studies have been reported on the relationship between the zero shear viscosity, 0 , and molecular weight. For linear polymers, in the iso-free volume state, 0 increases linearly with the molecular weight, M . ͓Berry et al. ͑1968͒;
Graessley ͑1965͒, ͑1969͒, ͑1974͒ assumed that entanglements are broken in shear. At low shear rates the Brownian motion maintains a balance with the entanglements broken by motion. However, when the shear rate is greater than a critical value, each chain loses entanglements and, consequently, the net density of physical knots per chain decreases. With this theory, a viscosity-shear rate master curve can be calculated when the characteristic entanglement relaxation time is specified. The shape of the shear viscosity curve was found to depend on the chain length distribution. Generally, the non-Newtonian behavior occurs at lower shear rates when the molecular weight distribution becomes broader ͓Graessley ͑1967͔͒. Unfortunately, to obtain a good fit with experimental data, the flow curves need to be shifted somewhat arbitrarily along the shear rate axis ͓Saeda ͑1973͔͒.
Many models and experimental studies were developed based on the relaxation time concept. As observed by Middleman ͑1967͒, the ratio of weight average to number average molecular weight, considered as a common index of polydispersity, is often insufficient to wholly account for the effect of molecular weight distribution on viscosity. Using a completely different approach, Bersted ͑1975͒ developed an empirical model, in which the molecular weight is related directly to the observed behavior in the shear rate dependent viscosity. At any shear rate it is possible to identify a partitioning molecular weight, M *, which splits the molecular weight distribution in two classes. Fractions with molecular weights below M * are considered to behave as Newtonian, whereas those exhibiting molecular weights above M * contribute to the shear thinning comportment.
Malkin and Teishev ͑1987͒, ͑1988͒ developed an analytical expression for determining molecular weight distribution from rheological data in terms of a critical breakdown stress. For monodisperse polymers, the viscosity was considered equal to the zero shear viscosity below a critical shear stress, whereas above this stress the viscosity was described as inversely proportional to the shear rate. In these models it is implicitly assumed that a polydisperse system can be ideally represented by a superposition of monodisperse fractions, providing that an appropriate mixing rule is used to evaluate the shear viscosity.
Recently, more sophisticated constitutive models based on the reptation theory have been developed. Rubinstein and Colby ͑1988͒ developed a model for predicting the viscoelastic response of binary polymer blends considering two types of polymer relaxation modes: tube renewal and constraint release. Wasserman and Graessley ͑1992͒ carried out dynamic mechanical measurements using linear polydisperse melts and developed master curves using the Des Cloiseaux ͑1988͒ concept of double reptation. These authors proposed a model based on relaxation spectrum for monodisperse fractions and a mixing rule. A good agreement with experimental data was found for moderately broad molecular weight distributions. In a recent article, Carrot, Revenu and Guillet ͑1996͒ proposed calculation of the dynamic modulus, Newtonian viscosity, and crossover frequency in the case of a broad polydisperse polypropylene.
Developing a rheological model able to predict the influence of polydispersity on system viscosity is not only important from a theoretical standpoint, but also has implications in tailoring polymer properties with respect to processability ͓Utracki et al. ͑1985͒ Christensen et al. ͑1991͔͒ . Understanding and predicting the effect of molecular parameters on polymer processability is especially important in production units. Often, changing from one resin grade to another requires a number of trial-and-error experiments carried out on large production machines in order to establish a set of proper working conditions. On the other hand, complex numerical simulations of processing equipment are limited to relatively simple constitutive equations, due primarily to convergence problems in the numerical scheme. Power law, Cross, and Carreau models are most frequently used in complex three-dimensional ͑3D͒ numerical simulations. These models, however, lack any explicit dependence of viscosity on molecular parameters.
The purpose of this work is to develop a relatively simple constitutive model, to be used in complex 3D numerical simulations of processing equipment, yet be able to predict the influence of molecular weight and degree of polydispersity on polymer processability.
II. MODEL DEVELOPMENT
In order to develop a model for polydisperse polymeric systems, it is useful to consider first, by lowering the complexity of the system, a model for monodisperse polymers.
The most advanced molecular model available, is the constitutive model of Doi and Edwards ͑1986͒ based on the concept of reptation for a chain confined in a tube. For monodisperse systems, the model has only two adjustable parameters: the tube diameter for the length scale, and the monomeric friction coefficient. A considerable success in modeling polydisperse systems was obtained by Des Cloiseaux's double reptation theory. However the possibility of using these models to solve flow dynamics equations appears poor.
Our approach to characterize the rheological behavior of polydisperse systems was to describe the flow curves of monodisperse fractions by power law equations and use a superposition principle to account for the system polydispersity. According to Mead ͑1994͒, knowledge of the rheology of monodisperse fractions is sufficient to describe the behavior of polydisperse systems when an appropriate mixing rule is employed. One of the principal attractive features of this empirical approach is its capability to be used in flow simulations.
It is well known that narrow distribution polymer melts go from a Newtonian behavior at low shear rates to a power-law behavior over a very narrow range of shear rates. This simple behavior suggests that the shear viscosity of monodisperse polymers can be described by two power laws. All we need is to define a transition value, i.e., a critical shear rate ␥ c , for the transition between Newtonian and shear thinning behavior.
Below the critical shear rate, ␥ c the viscosity does not depend on shear rate and is referred to as the zero shear viscosity, 0 . The zero shear viscosity is a function of molecular weight. Early on, Berry and Fox ͑1968͒ observed the existence of a critical molecular weight marking a break point in the zero shear viscosity dependence on molecular weight. The critical molecular weight, M c , has been interpreted in terms of the effective entanglement concept. The equations describing the zero shear viscosity dependence on molecular weight are of the form:
where the exponent ␣ contains information on the chain entanglement state. At the break point, i.e., at M ϭ M c , Eqs. ͑1͒ and ͑2͒ coincide, leading to the following relationship between kЈ and k:
where M c ϭ 2M e with M e the average molecular weight between entanglements ͓Fet-ters et al. ͑1994͔͒.
Above the critical shear rate, the viscosity depends on the shear rate. This dependence is usually expressed in a power law format:
where e is an interaction coefficient, reflective of the friction between the polymer molecules, and the parameter n, reflective of the shear-thinning behavior of the polymer, is related to disentanglement phenomena ͓Stratton ͑1966͒; Campbell ͑1990͔͒. It should be noted that the non-Newtonian behavior does not extend indefinitely. Experimental evidence suggests a second Newtonian limit for the dynamic viscosity ͓Cross ͑1965͒, Hellwege et al. ͑1967͒, Zosel ͑1971͒, Pfandl et al. ͑1985͔͒. The second Newtonian limit, denoted as ϱ , can be related to the complete destruction of entanglements and can be evaluated from:
͑6͒
Note that Eq. ͑6͒ is equivalent to Eq. ͑1͒ for M ϭ M e . The limiting viscosity ϱ is an analog of the high shear viscosity in the Cross model ͑1965͒. From Eq. ͑6͒, the limiting viscosity ϱ is independent of molecular weight and also molecular weight distribution.
The discussion so far confines the non-Newtonian region between a lower limit critical shear rate, ␥ c , and a higher limit critical value, ␥ ϱ . From Eqs. ͑2͒, ͑4͒, and ͑5͒ the critical shear rate, ␥ c , is given by
.
͑7͒
Vinogradov ͑1980͒ observed that the critical shear stress for the onset of non-Newtonian behavior, c , is independent of molecular weight and depends only slightly on polymer chemical nature. This observation can be expressed as:
On the other hand, considering the definition of the critical shear stress:
and combining Eqs. ͑7͒, ͑8͒, and ͑9͒, we obtain the expression for the interaction coefficient
In Eq. ͑10͒ 0 is the interaction coefficient per entanglement and M /M e is the chain entanglement density. Following the interpretation of the critical shear rate, ␥ c , in terms of an onset for a reduction in entanglement density, one can define a characteristic disentanglement time, t D , as:
It is interesting to observe that according to the reptation theory, the time required to completely renew chain configuration, that is, to travel one chain length depends on molecular weight to the power of 3. This comes close to ␣ ϭ 3.4, used in our model.
The second Newtonian regime appears at values of shear rate greater than ␥ ϱ which can be obtained from Eqs. ͑3͒, ͑5͒, ͑6͒, and ͑10͒:
. ͑12͒
Obviously, the minimum value for the shear rate at the onset of the second Newtonian behavior corresponds to a chain at critical molecular weight, M c . This minimum value denoted by ␥ L is given by
For polydisperse polymers, the simplest model to predict the viscosity of the system is to consider a mixture of monodisperse fractions whose viscosity can be obtained by a superposition procedure. Friedman ͑1975͒ applied a similar approach, based on a mixing rule, to calculate zero shear viscosity-molecular weight distribution correlations. Following Peticolas ͑1961͒ method, Friedman showed the equivalence between the following expressions predicting the zero shear viscosity of a blend:
In Eq. ͑14͒ 0,B is the blend zero shear viscosity, i is the weight fraction of the monodisperse fraction of molecular weight M i and zero shear viscosity 0,i , and M w is the weight average molecular weight defined as
The parameters k and ␣ in Eq. ͑14͒ are constants and the zero shear viscosity of each fraction can be calculated according to Eq. ͑2͒. Following a similar rationale, we define an array of critical shear rates for the onset of non-Newtonian behavior, ⌫ c ϭ ͕␥ c,i ͖ and an array of the high shear rate limits of this behavior, ⌫ ϱ ϭ ͕␥ ϱ,i ͖. In these arrays, each shear rate value ␥ c,i or ␥ ϱ,i corresponds to a monodisperse fraction of molecular weight M i and can be calculated according to
͑17͒
For a blend of m monodisperse fractions of molecular weights M 1 Ͼ M 2 Ͼ¯M mϪ1 Ͼ M m the viscosity of the system can be written as
͑18͒
Equation ͑18͒ can be generalized for a system characterized by a continuous function for the molecular weight distribution by considering a mapping between molecular weight and shear rate, as proposed by Malkin ͑1987͒. The molecular weight of a monodisperse fraction can be calculated from
͑19͒
The viscosity of a polydisperse system at a given shear rate ␥ can be calculated according to:
where M (␥ ) is the molecular weight of a monodisperse fraction for which ␥ is the shear rate for the onset of shear thinning behavior. In Eq. ͑20͒ the first integral represents the contribution of monodisperse fractions exhibiting a Newtonian behavior at low shear rates, whereas the third integral stands for the contribution of fractions in the second Newtonian plateau ͑at shear rates exceeding the upper limit for shear thinning͒. The second integral in Eq. ͑20͒ represents the contribution of all monodisperse fractions exhibiting shear-thinning behavior at shear rate ␥ . Thus, the viscosity function for a polydisperse system can be obtained by a superposition of contributions from monodisperse fractions exhibiting different rheological behavior.
III. VISCOSITY AND MOLECULAR WEIGHT DISTRIBUTION
In order to study the effect of polydispersity on viscosity, we need to define a molecular weight distribution, (M ), and solve the integrals in Eq. ͑20͒. In most cases, the discrete molecular weight distributions can be approximated by some continuous theoretical distribution functions. It is well known that these theoretical distributions can be classified in two basic groups. The first one contains functions developed exclusively using statistical considerations of the polymerization process ͓Billmeyer ͑1984͔͒. The second group includes well-known probability functions able to describe experimental distributions ͓log-normal, general exponential function ͑GEX͒, Poisson, and gamma functions͔ ͓Gloor ͑1978͒, ͑1983͒, Rogosic ͑1996͔͒. To choose a proper function for describing the molecular weight distribution is not an easy task. The shape of the distribution is determined mainly by the mechanism of polymerization and partially by specific characteristics of the process. The theoretical distribution functions are derived only on the basis of statistical considerations and usually present deviations from the experimental molecular weight distribution ͑MWD͒ data. Aside, none of the functions are especially simple or computationally suitable.
We consider as an example the log-normal ͑LN͒ or Wesslau molecular weight distribution, defined in Eq. ͑A1͒. The ratio between the weight average and number average molecular weight, known as the polydispersity index, I, (I ϭ M w /M n ) is commonly used to characterize the breadth of molecular weight distributions for polydisperse systems. It is interesting to note that the polydispersity indexes are only dependent on the breadth characteristic parameter of the log-normal distribution. Using the log-normal distribution, Eq. ͑20͒ is analytically solvable and considering the definitions given in Eqs. A͑9͒-A͑12͒ we obtain:
where parameters A, B, and C are defined in Appendix A. The above equation allows direct investigation of the effect of polydispersity on the shape of the shear viscosity. The higher molecular weight fractions dominate the polymer behavior at low shear rates, whereas the lower molecular weight fractions affect mostly the behavior at high shear rates. We have to remark that our model considers only the shear viscosity as affected by fractions of molecular weight above M c . However, fractions with M Ͻ M c are usually present in very minute amounts and therefore their effect on sample viscosity can be considered negligible.
Since the log-normal molecular weight distribution is a two parameter model, when using this distribution, the influence of higher order polydispersity indexes on the viscosity function cannot be rigorously accounted for. On the other hand, high molecular weight fractions have a strong influence on the shear viscosity due to the intrinsically nonlinear dependence of rheological properties on molecular weight. Therefore, better agreement with experimental data is expected when using a three parameter model for the molecular weight distribution function. Such a model is the GEX described by Eq. ͑22͒. The properties of this function are described in Appendix B.
͑22͒
When using the GEX function to describe the system molecular weight distribution, the viscosity function is given by
where the G functions contain the adjustable parameters of the distribution as defined in Appendix B. Since the GEX function provides two independent polydispersity indexes, I and I zw , the influence of the high molecular weight tail on the shear viscosity can be accounted for explicitly.
IV. EXPERIMENTAL RESULTS
We first used our model to fit experimental data available in the literature for monodisperse samples. Specifically, samples of polystyrene with a polydispersity index I Ͻ 1.1 ͑commonly referred to as ''monodisperse'' samples͒ were analyzed. We selected samples of molecular weight in the range 1.8ϫ10 5 -4.0ϫ10 5 ͑at T ϭ 180°C͒ ͓Hieber ͑1989͔͒. For polystyrene the critical entanglement molecular weight, M c , is 34 000 ͓Graessley ͑1974͔͒. The MWD was described using a log-normal function and the polydispersity index I was chosen to be 1.05. A minimization procedure ͓Powell ͑1965͔͒ was used to evaluate viscosity parameters. Figure 1 shows a comparison between the curve obtained using Eq. ͑21͒ ͑solid line͒ and experimental data ͑dots͒. The model parameters obtained using the best fitting procedure are listed in Table I .
It is interesting to observe that the parameters ␣ and n are closely related, namely n ϭ 1/␣. This result is not surprising. The parameter ␣ expresses the dependence of zero shear viscosity on the molecular weight and thus is reflective of the entanglement state of the system. On the other hand, the parameter n describes a disentanglement phenomenon in the shear-thinning behavior of the system. Thus, it is not surprising that two different phenomena-entanglement and disentanglement-related to the same physical network are characterized by two interconnected parameters, ␣ and n. In the same light, the interaction coefficient e , used in the model to link the shear viscosity with the applied shear rate, should also reflect the state of the disentangling network. Indeed, in Eq. ͑10͒, this interaction coefficient is related to the network entanglement density with a proportionality constant 0 . The parameter 0 , expressing a frictional characteristic of one entanglement, can be viewed as a topological property of the network.
Another observation from Table I is the value obtained for the second Newtonian limit of the viscosity function, namely 39 Pa s. This value comes very close to the one obtained by Hieber ͑1989͒ by extrapolation of experimental data ͑10 Pa s͒. Clearly, the small discrepancy between the two values can originate from intrinsic experimental difficulties, the Cox-Merz ͑1958͒ relation to model shear viscosity or the assumptions in our model. The shear rate at transition between non-Newtonian and second Newtonian behavior is estimated around 1600 s Ϫ1 . Since shear rates in excess of 1000 s Ϫ1 are not used in normal dynamic mechanical measurements, experimental data in this region are rarely available and they could not be incorporated into Fig. 1 . Next we consider the use of the model in predicting the viscosity for polydisperse systems. The rheological behavior of four polystyrene samples, characterized by degree of polydispersity ranging between 2 and 3, were studied using a capillary viscometer for shear rates exceeding 15 s Ϫ1 and a dynamic mechanical instrument ͑Rheometrics RMS-800͒ at low shear rates. The experiments at low shear rates were performed at Case Western Reserve University ͑CWRU͒ and the Cox-Merz rule was employed to convert the dynamic data. Gel permeation chromatography ͑GPC͒ and capillary viscometry data for the four samples studied were provided by Dow Chemical Company. Viscosity curves at T ϭ 200°C are plotted in Fig. 2 .
We fitted the GPC data by the GEX function and report the parameters in Table II . Using Eq. ͑23͒ and the viscosity data we obtained the model parameters, k, c , and n and report the results in Table III . Note that the parameter n is independent of the sample MWD and is very close to the value 1/␣ ϭ 0.294. Also, the critical shear stress, c , is practically independent of sample molecular weight and molecular weight distributions, as assumed by the model.
We also looked at two high density polyethylene ͑HDPE͒ samples ͑from ENICHEM Polimeri Europa͒ exhibiting broad molecular weight distributions. The GPC data were fitted using the GEX function and the parameters are listed in Table IV . Viscosity data for the two samples at T ϭ 190°C are plotted in Fig. 3 . Since we did not have experimental data for zero shear viscosity, we made the approximation of using Eq. ͑23͒ for both samples with the constraint of the same value for the constant k in the best fitting procedure. The model parameters, reported in Table V , are used to draw the solid lines in Fig. 3 . It is interesting to note that the parameter n can be well approximated by 1/␣. This result suggests that for linear polymers, the rheological behavior can be predicted from a knowledge of molecular weight distribution and two additional parameters, namely 0 ͑or k͒ and c .
None of the experimental results presented so far show evidence of a second Newtonian region. This result is not surprising, since in the range of shear rates studied ͑up to 1000 s Ϫ1 ͒ a transition does not occur. However, since the shear rate at transition is inversely proportional to k, one can shift the transition at lower shear rates by increasing the value of k. According to the Williams-Landel-Ferry ͑WLF͒ equation, k decreases exponentially with temperature. Thus, by decreasing the temperature of the system, evidence of a transition to a second Newtonian regime may be observed.
We have studied one of the polystyrene ͑PS͒ samples ͑PS2͒ in a range of temperatures between 140 and 200°C. Measurements of viscosity were performed using a dynamic mechanical spectrometer ͑Rheometrics RMS-800͒ and the Cox-Merz rule was applied. Again, we have used Eq. ͑23͒ and a best fitting procedure to fit the experimental data. The results are shown in Table VI and Fig. 4 . Indeed, at lower temperatures ͑140 and 150°C͒ evidence of a second transition may be observed. The results in Table VI show that the parameter n is not affected by temperature and the critical shear stress, c , slightly decreases with an increase in temperature. The frictional coefficient per entanglement 0 decreases significantly with temperature and this result may be perhaps interpreted in terms of the WLF equation.
When comparing the results obtained for PS and HDPE at a temperature around 190°C ͑Tables V and VI͒ it is obvious that c HDPE Ͻ c PS . This result is certainly related to the polymer network intrinsic properties, namely a higher rigidity for the polystyrene chains.
FIG. 3.
Model ͓Eq. ͑23͔͒ predictions ͑solid lines͒ and experimental data ͑symbols͒ for polydisperse HDPE samples. 
V. EFFECT OF MOLECULAR WEIGHT DISTRIBUTION ON POLYMER RHEOLOGY
We used our model to study the effect of molecular weight distribution on viscosity. Using log-normal distributions to characterize the polymer MWD, we changed the polydispersity index while maintaining the same weight average molecular weight ͑Fig. 5͒. Figure 6 illustrates the viscosity curves obtained using Eq. ͑21͒. As the polydispersity index increases, the first Newtonian plateau region decreases and the shear thinning behavior becomes more pronounced. At very high shear rates, a second transition to a Newtonian behavior may be observed and that becomes more pronounced for samples with broader molecular weight distributions.
In order to study the effect of higher order polydispersity indexes on viscosity, we used the GEX functions to characterize the MWD. The graphs shown in Fig. 7 illustrate an example of MWDs, which differ only in terms of I zw . The viscosity curves corresponding to the MWD were calculated using Eq. ͑23͒ and the results are plotted in Fig.  8 . The trends are similar to the ones presented in Fig. 6 . However, the effect of a higher order polydispersity index on the flow curves is less pronounced.
VI. CONCLUSIONS
A simple superposition model was developed to predict the shear viscosity for linear polymeric systems of various degree of polydispersity. GPC data for MWDs were fitted using statistical distribution functions, and a simple model, based on a superposition principle, was used to predict the shear viscosity for the systems investigated. Model predictions showed good agreement with experimental data for PS and HDPE systems.
In developing the model we found that both entanglement and disentanglement phenomena can be described using a single parameter. The explicit relationship between shear viscosity and molecular weight distribution can be used to evaluate the effects of various polydispersity indexes on the flow curve. The simplicity of our model makes feasible its use in numerical simulations of complex geometries as encountered in poly- mer processing equipment. Moreover, this model has potential applications for predicting the rheological behavior of blends of homologous polymers with different molecular weight distributions.
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APPENDIX A: LOG-NORMAL FUNCTION
In general, any experimental molecular weight distribution can be approximated by some well-defined continuous statistical distribution function. The benefits of this approximation are quite evident. Distribution functions are completely defined by only a few adjustable parameters, and their properties can be analytically obtained. Most distribution functions are special cases of the three parameter GEX ͓Gloor ͑1978͔͒. The properties of the GEX are presented in Appendix B. In this appendix we examine the specific case of the LN distribution defined as: 
͑A12͒
The analytical simplicity of the equations above coupled with the analytical form of Eq. ͑21͒ allow one to study the influence of the polydispersity index, I, onto the shape of the shear viscosity. The LN distribution can be used to obtain information on weight average molecular weight and polydispersity from most experimental molecular weight distributions.
FIG. 7.
GEX distributions obtained for polymers with the same average molecular weight (M w ϭ 2ϫ10 5 ) and M w /M n ratios (I ϭ 8) but different M z /M w (I zw ) ratios.
